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- variant Haar measure, and to N. Rickert's unpublished

‘results on such groups we point to Braconnier [1], in

TOPOLOGICAL GROUPS WITH EQUAL
- LEFT AND RIGHT UNIFORMITIES
Re W. Bagley and T. S. Wu

If (G, s ) 18 a topologlcal group with topology o,
therelb is a-natural topology T on G such that T Do,
(G, T) 1s a topological group with equal left and
right uniformities and T 1is the smallest such topology.
The topology T can be obtained as follows. If |/ is
a nelghborhood base at the identity in (G, ) = G, then
{ £tV eV} 15 a neighbornood base at the identity
in (G, T) = G*. Here we are interested in determining
the nature of G* given G and also in obtaining results

on groups with equal left and right uniformities. For

which i1t 1s shown that a locally compact group with
equal left and right uniformities has a two sided in-

theorems on the structure of locally compact groups
with equal uniformities. In contrast, T. S. Wu {101

hag shown that left almost periodic functions (in the

sense of von Neumann) on locally compact groups need
not be right almost perlodic. Of course, the groups

here must have distinct left and right uniformities.
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These groups were discovered at an intermediate stage
in the construction of a locally compact group G for
which G¥* is not locally compact. This example will
be described later.

One of our principal results (Theorem 1) 1is
that G* 1s a Lie group if G is a connected Lie groupe.
Since this depends only on the fact that G* is locally
compact, we have attempted to determine more precisely
when this occurs. As mentidned above, there are locally
compact groups G for which G¥* 1is not locally compaét;
however, if G 18 locally compact and G/Go is compact,

where Go is the identity component, then G¥ is locally

B,

compact. It 1s also shown that if a connected locally
compact group G with equal left and right uniformities
contains a one parameter subgroup Q(R) as a normal
subgroup, then q(B) is contained in the center of G.
The hypothesls on the uniformities is not necessary
if G/G(R) is compact. These are Corollaries 1 and 2
of Theorem 3.

As a preliminary we obtain some lemmas on the
topology of a subgroup HCG relative to G¥*.
Lemma 1. If K is a compact normal subgroup of the

connected group G, then the topologiles of K relative

to G and G* are equal.




Proof. Let A(K) be the group of all continuous
automorphisms of K and I(K) the group of inner auto-
morphisms of K. Define /\: G—~—>A(K) as followss
Ag)(x) = gkg-l. We note that £ 1is continuous when
A(K) has the compact-open = uniform topology. Thus
A(G) is a connected subgroup of A(K). It follows
that A(g) = I(K) since A(K)/I(K) is totally discon-
nected by Theorem 1 of [6]. Let U be a neighborhood

of the identity in G. By cémpactness of K we pick a

neighborhood V such that VC M\ kUk T. We have,
kEK
KN(Ntut™) = Ne(uNxIt-l = \Nk(UNK)™1IS VNK.
tEG t€G K€K

This proves the lemma.

Lemma 2. If H is a subgroup of G such that the coset
space G/H is compact, then the sets (\ hVh™l, where v
is a neighborhood of e in G, form a gg?ghborhood base
at e in G*. |

Proof. Let V be a neighborhood of e in G and let W

be a symmetric neighborhood of e such that W CV. '
Since G/H is compact, G = \:] Wg,H for some sequence
E19e38n in G. Now =

vi = Nt7ve D N\ nlgilugyh and

teWgyH heH
n
Ntlve= Av,D Nn (N g, Lug, )h.
£€G 1=1 10 heH  i=1+ %
This proves the lemma.
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Corollary 1. If in addition to the hypothesis of

Lemma 2, H has equal left and right uniformities,
then the topologies of H relative to G and G* are
equal.

Corollary 2. If G is a locally compact group and

G/H 1s compact, where H is a normal subgroup with
equal left and right uniformities, then G# is locally
compact. } |

Proof. The closure C of H is locally compact and
has equal left and right uniformities. It follows
from Coi'ollary 1l that C ;s locally compact in G¥%.
Since G/C 18 compact we have (G/C %' = G/C. But

(G/C )* = G*/C for any group G and normal subgroup C . -

"Now by a theorem of Gleason (1.10(3]) G* is locally

compact.

Theorem 1. If G i1s a connected Lie group, then G*
is a Lie group.

Eroof. It is sufficient to prove that G* is locally

4compaot. To do this we use 1.12, page 100 I?Jv]. Let

M be the tangent space of G at e . For g€ G let Qg
be the inner automorphism determined by & and denote by
dqg the differential of Qg. Now ng is an isonmor-
phism of M and expdcpg = cpgexp,, where exp 1s the ex-
ponential map of M to G. Now let W be a nelghborhood

e




of the origin in M such that exp|W is a homeomor-
phism. There are neighborhoods U and Vof e in G

- such that V = expZ, where Z is convex, U is symmetric
‘end ng"lCexpw for ggU. Since g(expz)g&',ICexpw,
dag(Z)CW for g€ U. We obtain a sequence of sets
{Vn} as followss |

-l
vl = (\ gVg
geU '

_ S
V : \'/
('\s 18 ans &
Let F(X) = f'\ aq, (X). We show
:434) :
(o). exp FYZ)= V,

First expF(Z) — exp(\dq.(2) = (\exp d@.(2) since
geu & gEu

exp 1s 1-1 on dq,(Z). Thus, expF(z)= (\@_ (expZ) = V..

This proves (o{) for n =1 and since Vlc:v we have also
shown that F(Z)C 2 and hence F(2)C3Z. It follows that
exp is 1-1 on dQS(Fn(Z)). Now suppose that (of) holds
for the positive integer n. Then epr‘“‘ "(Z)
exp(\dq»g(r"n(z)) = ﬂq?g(v )=V +1 and (X) 1is proved. |

Since Z is convex F- (2) and hence ﬂF (z2) 1s

n=1 _

convex. Thus exp / VF?(2) ‘-('\epr (Z) = (\V is. 1ooa11y
Euclldean. But ﬂv n Q ng - ng-l. This
proves the theorem.
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Lemma 3. If G is a oonnected locally compact group,
then G* is locally compact.

Proof. Let K be a compact normal subgroup of G such
that G/K 1s a Lie group. By Theorem 1 (G/K)* is
locally compact. Thus G*/K is locally compact and

K is compact in G¥ by Lemma l. Again using 1.10[3]
we have G%* locally compacte. ‘
Theorem 2., If G 1s a locally compact group such that
G/G, 18 compact, then G* is locally compact.

Proof. By Lemma 2 the topology of G, relative to G*

1s obtained by taking the sets (\ &Vs ()G, where
' ) gEGO.

V 1s a neighborhood of e in G. It follows from
Lemma 3 that G, 1s locally compact relative to G*.
The theorem follows since G*/G, 1s compact.

The following 18 an example of a locally com-
pact group G such that G* 1s not locally compact.
Example. Let Ay = Z,, the discrete two element group,
for each integer i. Let H°==U1A1 and let Z be disorete
infinite cyclic with generator z. Define an opera-

n+m

tion in G,= ZX H, as follows, (zn,x)(zm,y) = (z7 ,x_gY)

where the 1*P codrdinate of X.p 18 the (1-m)*® coordinate
of x. Thus G, is a semidirect product [5]. It 18 easy
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to see that G° is a locally compact group with this
operation and the usual product topology. Let Gy = G,
and Hy = fe} X H, for 1 = 1,2,..., Let H =TiH; and
G =TiG4 with codrdinatewlse operation, the usual
product topology on H and H open in G. Thus, G 1ls a
locally compact group and H is a compaot open subgroup
of G. Let V; be a proper neighborhood of e in Hy.

1>n teG

felx.. . x{eSX(TT Hy). Since fUnS is a neighborhood
base at the 1ézgt1ty of G, it follows that G* is not
locally compact.

A more general construction than that above
is obtained by letting F bé a compact infinite group
which admits an expansive ;.utomorphism @ o Let H be
the discrete group generated by (. Now replace G,
by the semidirect product FEH 1ln the above example.
The existence of expansive automorphisms on compact
groups has been egtablished by R. F. Willlenme
T. 8. Wu [11], M. Eisenverg [2] and P. Reddy [81. at
the’end of this paper we establish the existence of
expanslve homeomorphlsms on compact groups which are
‘not automorphisms.

By a one parameter subgroup in a group G we
mean the image <p(R) of the reals under a continuous

homomorphism Qs R —2»G.



Theorem 3. If G is a connected locally compact group
and @(R) 18 a one parameter subgroup of G* which is
normal, then @(R) is contained in the center of G.
Proof. By Lemma 3 G*vis locally compact. Thus ¢ 1is
a topological i1somorphism or 4;653 is compact in G¥*
(page 102{?]). In case §T§3 is compact in G¥* it is
also compact in G and hence contained in the center
of G (26.10{5]). 'Now suppose that ¢ 1is an isomorphism.
Pick a neighborhood V of e in G such that (\gVs™1[\(R) =
(-66€)e Let & be in (0,€) and define a sggience in
(-G €) as follows, oy =8Xg™l, &y = go(n_lg"'l
where g is any element of G. The sequence ftin§ is
monotone. Let 8 =1lim«p. It follows that 84 3‘1;_-13 .
We can assume that g 1s non zero since, if ﬂxn§ is
deoreasing, then on replacing g by g~1 we get an in-
creasing sequence and its limit will also commute with
g. It i1s easy to show that, 1f g commutes with a non -
zero real numberip then 1t commutes with every rational
multiple of /3 hence with every real number. Thus,
@(R) 1s contained in the center of G.

As an immediate consequence of Theorem 3 we have,

Corollary 1. If G 1s a connected locally compact group
with equal left and right uniformities which contains a



one parameter group as a normal subgroup, then this
subgroup is in the center of G.

Corollary 2. If G is a connected locally compaot group
which contains a one parameter normal subgroup ¢p(B)
such that G/@(R) is compact, then @ (R) 1s contained

in the center of G.

Proof. If @(R) is compact, then the conclusion
follows from 26.10{}}. Otherwise @ 1s an isomorphism
(page 102 [7]) and by Corollary 1 of Lemma 2 @(R) 1s

a one parameter subgroup of G*. The corollary now ’

follows from the theoren.
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